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We study the conservation of energy, or lack thereof, when measurements are performed in quan- 
tum mechanics. The expectation value of the Hamiltonian of a system changes when wave functions 
collapse in accordance with the standard textbook (Copenhagen) treatment of quantum measure- 
ment, but one might imagine that the change in energy is compensated by the measuring apparatus 
or environment. We show that this is not true; the change in the energy of a state after measurement 
can be arbitrarily large, independent of the physical measurement process. In Everettian quantum 
theory, while the expectation value of the Hamiltonian is conserved for the wave function of the 
universe (including all the branches), it is not constant within individual worlds. It should there- 
fore be possible to experimentally measure violations of conservation of energy, and we suggest an 
experimental protocol for doing so. 


I. INTRODUCTION 


Quantum mechanics is harder to make sense of than most other physical theories, primarily because of the mea- 
surement problem [I]. For this reason among others, it is useful to think carefully about what actually happens when 
quantum measurements occur. An important aspect of this question is the status of energy conservation. 

There is more than one way one could interpret “energy conservation” in a quantum context. Consider an isolated 
system with a time-independent Hamiltonian H. We can distinguish at least three possibilities. First, one could 
take the attitude that energy is only defined when the system is in an energy eigenstate, where Ñ |y) = Ely). If the 
system under consideration is undisturbed, its energy will be constant. But this is because there are no dynamics at 
all, as the state obeys |¢(t)) = e~*“"|(0)). (Unless explicitly specified otherwise, henceforth we will set A = c = 1.) 
The system stays (modulo an overall phase) in whatever state it started in; energy doesn’t change because nothing 
changes. So this is a notion of energy conservation, but a somewhat trivial one, applicable only to highly non-generic 
and dynamically uninteresting states. 

Another possibility is to imagine that there is a true and conserved energy of the system, but that we cannot deduce 
what it is from the wave function |Y), perhaps because there are hidden variables or because of a fundamentally 
epistemic notion of the wave function. In that case it is conceivable that energy is precisely conserved, but only in a 
not-very-useful sense, since we can’t know what it is. 

A third option suggests itself if the wave function is a complete representation of the physical system, as in ontic 
approaches such as Everettian (Many-Worlds) quantum mechanics or objective-collapse models. There it makes sense 
to associate an energy to any state |Y) by taking the expectation value of the Hamiltonian, 


Ey = (YA). (1) 
This quantity is manifestly conserved under unitary evolution by a time-independent Hamiltonian, 
|v(t)) = exp(—i ft) |Y (0)). (2) 


This could equivalently be characterized as a consequence of Noether’s Theorem, or as the fact that the Hamiltonian 
commutes with itself. 

But measurement and wave function collapse are non-unitary processes, not bound by Schrödinger evolution. At 
first glance, there is no reason to expect that Hy is conserved in such circumstances, and indeed this quantity changes in 
magnitude according to the textbook quantum recipe. Consider a system with Hamiltonian H and energy eigenstates 
|En) with eigenvalues En, and imagine that (for some reason) we know that the system is in a state 


|1) = a| Ey) + B|E2), (3) 


with |a|? + |8|? = 1 and E, 4 E2. Now perform a measurement in the energy eigenbasis. The wave function will 
collapse to |2) with probabilities given by the respective amplitudes: 


|2) = |£1), probability |a|?; |2) = |E2) , probability |81. (4) 


In these cases, the energy changes from |a|? E1 + |8|7E2 to either E, or E2, respectively. In that sense, energy is 
not conserved. The effect need not be small: we might consider the two (approximate) energy eigenstates to represent 
a bowling ball at rest and one moving at high velocity, associated with very different energies, while the measurement 
could be carried out by a single photon. 


Nevertheless, energy seems to be conserved in our experience, at least to very high precision. Why don’t we see 
violation of energy conservation all the time? An obvious possibility is that the above analysis neglects any energy 
transferred to the measurement apparatus or environment. One purpose of this paper is to show that this is not 
the case, and that the total energy of the system plus apparatus plus environment can change. Alternatively, one 
might not think there is any reason energy should be conserved in quantum measurements, especially in epistemic 
approaches. But regardless of one’s intuition, the expectation value of the Hamiltonian is a well-defined quantity in 
any quantum state that is exactly conserved under unitary evolution. Its non-conservation is associated strictly with 
measurement and wave function collapse; furthermore, it is approximately conserved in the real world, a feature that 
seems puzzling if the quantity is meaningless. Given the unsettled status of these processes, we feel it is worth working 
to better understand what happens to energy when quantum states are measured. 


There has been relatively little discussion of this phenomenon in the literature, although it has been noticed. 
Hartle et al. [2], in part based on an argument from Griffiths [8], argued for a sense of energy conservation for closed 
quantum systems in the decoherent-histories formalism. They showed that histories could not decohere if an energy 
measurement (perhaps with a range of allowed values) at one time disagreed with another measurement at another 
time. Pearle [4] notes explicitly that “the collapse postulate of standard quantum theory can violate conservation of 
energy-momentum,” and investigates the situation in Continuous Spontaneous Localization theories [5] [6]. (Energy 
conservation is explicitly violated in spontaneous-collapse theories such as the GRW model [7], and indeed searching 
for such violations is a known strategy for experimentally constraining such models [8].) Aharonov, Popescu and 
Rohrlich [9] argue that conservation laws can seemingly be violated in quantum mechanics, and label this a paradox. 
Gao [10] suggests a modified theory in which energy conservation is imposed in order to solve the preferred-basis 
problem. Gisin and Cruzeiro [II] consider energy non-conservation in measurement of one spin in a long chain, but 
argue that conservation can be restored if an appropriate quantum clock is included. Maudlin, Okon and Sudarsky 
[12] examine the definition of energy in a variety of contexts, focusing on semiclassical gravity, and conclude that 
there is “no satisfactory way to define a (useful) notion of energy that is generically conserved.” Sottan et al. [I3] 
argued for apparent nonconservation of energy by considering weak measurements. 


In this paper we examine this issue in the context of standard, non-gravitational quantum theory based on 
Schrödinger evolution, and argue that observable energy non-conservation is a robust feature of quantum mechanics 
that might be experimentally accessible. First, we analyze energy conservation during quantum measurement in the 
context of a well-defined formulation of quantum mechanics, specifically the Everett (Many-Worlds) interpretation. 
We show that observers can indeed measure energy non-conservation, even though energy is conserved in the global 
wave function; as time passes, energy can be distributed differently among different branches. Although the Everett 
approach allows us to analyze and reject the possibility that energy is simply lost in the apparatus or environment, 
the conclusion should apply to other formulations. Second, we suggest a simple experimental protocol that demon- 
strates energy non-conservation in a controlled way, using a dipole-dipole interaction to entangle two spins and then 
measuring the spin of one, inducing a change in the energy of the other. While our setup is idealized, we suggest that 
realistic experiments along these lines should be feasible. Finally, we discuss some implications, including why energy 
conservation appears to be approximately true experimentally — essentially because we tend not to come across, or 
unintentionally create, quantum states of the form with wildly different values of the energy. We also comment 
on the implications of this work for cosmological dynamics. 


II. AN EVERETTIAN EXAMPLE 


We start by considering energy conservation in Everettian quantum mechanics (EQM), or the Many-Worlds In- 
terpretation [14] [5]. While our final results hold equally well for the Copenhagen formulation, EQM provides a 
completely-defined dynamical framework in which it is possible to rigorously follow the flow of energy between differ- 
ent parts of the wave function. 

EQM is defined by positing that the state vector |) is a complete representation of reality (i.e. it is a realist 
formulation with no hidden variables), and that the state always obeys the Schrödinger equation (i.e. there is no true 
wave function collapse, either spontaneous or induced), 


P Y(t) = 10,)(t)). (5) 


In this approach, “measurement” occurs whenever a quantum system in superposition becomes entangled with its 
environment, leading to decoherence and branching of the wave function. 

Let us consider a minimal explicit model of decoherence and branching, simple enough to analyze exactly but rich 
enough to include all of the relevant parts of the quantum state. We factorize Hilbert space into a tensor product of 
system and environment, and consider a two-state system and a three-state environment, 


H=H,® He, 


Hs = span{|1).s,|2)s}, (6) 


He = span{|0)e, [L)e, 2)e}- 
The state starts with the system in a superposition and initially unentangled with the environment, 


|(0)) = (al1)s + B]2)s)[0)e- (7) 


Given appropriate interactions, under unitary evolution this evolves into 
\(1)) = a|1)s|1)e + B\2) 5|2)e- (8) 


If the environment states are orthogonal, (1|2). = 0, decoherence has occurred and the state has branched into two 
distinct worlds. (Realistic decoherence is more complicated and subtle, but this captures the basic idea.) 

Given our definition of energy as the expectation value of the Hamiltonian (1), from this discussion it should not be 
surprising that energy won’t be conserved through the measurement process. The energy in the global wave function 
|W) is constant over time, but after decoherence and branching the observers are either in the state |1),|1)2 or |2)5|2)e, 
each of which can have different energies. Branching takes a fixed energy and distributes it unevenly between worlds. 

In most discussions of quantum measurement this behavior is obscured, either because the system being measured 
is treated as an open system interacting with the outside world, or because the interaction Hamiltonian is modeled 
as time-dependent (in either of which cases, nobody should expect energy to be conserved). In terms of the current 
example, we might imagine that there is some principle whereby differences in the energies of the environment states 
{|t)-} precisely compensate for energy differences in the system states. We can check that there is no such principle, 
and that environmental effects do not generally restore energy conservation, by constructing a simple but explicit 
model of a closed system with a complete time-independent Hamiltonian. 

Consider the same Hilbert space as in the above example; now we will simply fill in what is meant by “appropriate 
interactions.” We imagine that the system basis states are energy eigenstates with different eigenvalues, corresponding 
to a “self” Hamiltonian 


Hse = (E1|1)s (1| + E2|2)5(2|) Q Le. (9) 


This simply assigns energies FE; to the states |i)s. The interaction leaves the system states unchanged, but entangles 
them with different environment states. A simple choice is 


Pim = —id[I1)s(11 ® (10)e(1| — [1}e(0l) + 12)s(21 @ (10)<(21 — [2)<(01)]. (10) 


If the environment starts in the ready state |0}e, this will cause each system state |i), to become entangled with an 
environment state |i)e. In this simplified context we leave out any discussion of a macroscopic measuring apparatus, 
pointer states, etc. 

The sum H = Heit + Hint can be exponentiated to obtain the unitary time-evolution operator, 


= . cosAt —sin At 0 cos àt 0 — sin At 
U(t) = exp(—iHt) = e™™t]1) 1| | sinàt cosàat 0| +e +a 2e] 0 1 0 . (11) 
0 0 1 sinAt 0 cosAt 


In this expression, the matrices act on the three-dimensional environment Hilbert space. Starting from the initial 
state (7), we obtain 


\ab(t)) = ae~*”1*]1) ,(cos At|0)- + sin At|1).) + Be~*”?*|2),(cos At|0)¢ + sin At|2}e). (12) 


At time tą = 5, this becomes 


|W(te)) = aet 1s |12 + Be 2) 5|2)e. (13) 


Up to phase factors, this matches the evolved state (8). Given the orthogonal environment states, we can consider 
this wave function as describing two decohered branches. (In this simple setup, the two branches will begin to re- 
cohere after t,. It would be straightforward to complicate the model by putting more degrees of freedom into the 
environment, so that decoherence lasts an arbitrarily long time.) 

We can now calculate the energies. The expectation value of the interaction Hamiltonian vanishes, 


(| Hine) = 0, (14) 
leaving only the contribution from the self Hamiltonian, 
(Yl Heer |) = lal? By + |B]? Bo. (15) 


As expected, the energy changes from |a|?E, + |6|?E before branching to either FE, or E after. 

This example demonstrates that there is no need for a compensating change in the energy of the environment or 
measuring apparatus when a system decoheres. It also provides a satisfying explanation for the apparent violation 
of energy conservation: such violation is indeed only apparent, as the energy of the global wave function remains 
constant. But observers don’t see the global wave function, they only observe the branch they happen to be in. And 
over the course of unitary evolution and branching, energy may be unevenly distributed among different branches[!] 

Of course EQM might not be the correct formulation of quantum mechanics, but a different theory shouldn’t change 
the conclusion that observers see changes in the total energy of their universe. In spontaneous-collapse models [SHZ], 
energy is manifestly not conserved, even in the absence of interactions, and indeed this is a way of experimentally 
constraining such theories. Hidden-variable models such as Bohmian mechanics [I6] are generally thought to have 
identical experimental predictions to Many-Worlds, but the situation is more subtle, because the wave function is not 
the only physical quantity. It is therefore less clear how to define energy in such models [12]. In epistemic theories [I7] 
the wave function characterizes our ability to make predictions, rather than being a direct representation of physical 
reality; one might imagine an unknown mechanistic theory underlying some particular epistemic approach, but in the 
absence of specific models it is hard to make definitive statements. In the standard textbook/Copenhagen approach, 
quantum systems are treated as open rather than closed, so there is no reason to expect energy to be conserved, as 
discussed. 


III. TOWARD A REALISTIC EXPERIMENT 


The next obvious question is whether we can experimentally observe violation of energy conservation. The major 
challenge we face, especially for relatively small changes in the total energy, is the potential dissipation of energy in 


1 The fact that energy is simply “distributed among different branches” depends on our assumption that the Hamiltonian included no 
off-diagonal matrix elements between different environment states. This is reasonable, but if it were not true, our result that observers 
can experience violations of energy conservation would be unaltered; we would merely lose the interpretation of the total energy as the 
sum of the energies of the branches, weighted by the amplitudes-squared. 


the process of measurement, which could be hard to keep track of precisely. What we would like is for the process of 
measurement to be independent of the subsystem whose energy is changing. 

This can be accomplished by entangling two systems 1 and 2 so that two different energy eigenstates of system 1 
become entangled with two observably distinct states of system 2, then measuring system 2, collapsing system 1 into 
one or the other energy eigenstates. We propose the following protocol: 


1. Put a primary system 1 into a known quantum state that is a superposition of energy eigenstates. 
2. Entangle that system with a probe system 2, in a way that does not involve substantial transfers of energy. 
3. Measure the state of the probe system 2, again in a way that does not involve substantial transfers of energy. 


4. Finish with the primary system 1 in an (at least approximate) energy eigenstate, with a substantially different 
value of the energy than the system started with. 


We will attempt to outline how such an experiment might be done. 

Consider the following concrete example. Take as the primary system a single spin-4 particle, such as a proton, 
with a nonzero charge and magnetic dipole moment jz;. Keep the particle in a stationary quantum state, for example 
in a Penning trap. Embed the particle in a magnetic field with magnitude B pointing in the z-direction. For the 
probe system consider an uncharged spin-1/2 particle with a magnetic dipole moment p2, such as a neutron. The 
two particles experience a spin-spin interaction proportional to =, where r is the relative distance between them. 
This interaction causes the spins to become entangled. We can then measure the spin of particle 2, causing particle 
1 to collapse to a spin-z eigenstate, so that its total energy changes. In this section we do not explicitly include 
environmental degrees of freedom or calculate decoherence; because we can separate out the subsystem being observed 
from the one whose energy is not conserved, it is clear that the energy change is decoupled from the measurement 
process. 


FIG. 1. Particle 1 is held trapped in a magnetic field in the z-direction, and put into a superposition of spin-z (and thus energy) 
eigenstates. Particle 2 passes by and becomes entangled via a spin-spin interaction. By appropriately measuring the spin of 
particle 2 once it has left the field, we can change the expectation value of the energy of particle 1, and thus of the system as 
a whole. 


We consider the spin-spin interaction between two magnetic dipoles. The Hamiltonian we consider is therefore 


=> > 


H=-(h-B)en+4 [5 -  — 305, (He -F) l (16) 
The first term is the interaction between particle 1 and the magnetic field, while the other terms describe an interaction 
between the two spins. Here jı is the magnetic moment for particle 1, B is the magnetic field value at 7’ = 0 (the 
location of particle 1), g is a coupling constant, and r is the distance between the particles. We imagine that the 
magnetic field points solely along the z-direction, B = B,ê,. The magnetic moment can be written in terms of the 
gyromagnetic ratio y, as ğı = yS , where the spin operator for a spin-1/2 particle is ï= 46. Then we can define 
the Larmor frequency as w = —7,B,. The Hamiltonian can therefore be written 


H=wSf@bt+S [51 - Se — 305) #)(S +A) . (17) 


For simplicity we imagine that particle 2 never enters the magnetic field, so that interaction is not included, though it 
would be straightforward to do so. We also do not include the energy of the B-field, as that is taken to be stationary 
and does not exchange energy with the particles. (There will be a back-reaction of the magnetic moment on the 
magnetic field, but that is subdominant to the interaction energy we consider here.) Two nucleons can of course 
interact via the nuclear force, which is much stronger than the spin-spin interaction at short distances, but that takes 
an exponentially-damped Yukawa form, so it can be neglected if the impact parameter is large on nuclear length 
scales. 

We do not explicitly include the kinetic-energy terms for the individual particles, since we approximate their 
velocities as constant. We assume that both particles are described by localized wave packets that can be approximated 
as single points as far as the interaction is concerned, rather than explicitly considering their spatial wave functions. 
We imagine that particle 1 remains stationary in space, while particle 2 moves on a straight line in the x-direction 
with constant velocity v and impact parameter b, so that r = vb? + v?t?. This will not strictly be true, since the 
dipole-dipole interaction induces a slight force between the two particles. It is nevertheless a useful approximation 
to make our point here, since the interaction potential between the particles is independent of the strength of the 
B-field, and it is the coupling of particle 1 to that field that will ultimately lead to a change in the total energy. For 
thought-experiment purposes, we can imagine cranking up the B-field so high that minor perturbations to the kinetic 
energies of the particles are irrelevant. Here we need only show that the interaction will entangle the two spins. 

At the beginning and end of the experiment, the two particles are sufficiently separated that their interaction can 


be ignored. Particle 1, trapped in the magnetic field, has energy eigenstates |t); = |+z); and |J} = |—z)1, with 
energies 
1 
By = +5w. (18) 


Since the kinetic energy of particle 2 is assumed to be constant, particle 1 is our primary system whose energy will 


change 


Let us write the time integral of the Hamiltonian as a matrix in the {|11}, IN), 7), J) } basis as 


i 6+ 20 &* 
be fag gape E.. —6 +20 —0 
[aous o _9—29 . (19) 
£ 6 — 20 
Here we have defined 
t t r 
HE Nld = g 9 
ae k Aad = agar Po’ (20) 
t AM) (ut! + ib)? g(b — itv) (2ib — tv) g 
t)=—83 dt! = ea 21 
C) f v22 + b2 b2u(b + itv) Vb? + t22 bv (21) 
and 
Q(t) = w(t — to). (22) 


On the right-hand sides, we have assumed that particle 2 starts sufficiently far away that the tọ boundary terms are 
negligible (i.e. we can set to to —oo). Note that the apparent time-dependence of H merely reflects the fact that the 
particles are moving with respect to each other; no energy is being put into or taken from the system. 

The spin states of both particles are initially taken to be equal superpositions of |t) = |+z) and |{) = |—z). Particle 
1 is embedded in a magnetic field pointing in the z-direction, and will therefore be precessing. Since we might not 


2 It would be important to ensure that the spin states of particle 1 did not decohere when it was put into the magnetic field, in effect 
measuring the spin before the experiment started. If that were the case, the particle would simply be taking different amounts of energy 
from the magnetic field in two distinct branches of the wave function. 


know the state of its precession, we allow for an arbitrary phase ġo for particle 1. The initially unentangled state is 
therefore 


hyo) = 5 (It) + eN), (I) + Wo (23) 
= 5 (Itt) + 1M) eet) + e*l), (24) 


so that both spins start out unentangled and perpendicular to |+z). 
We can calculate the time-evolution operator 


U(t) = exp j- / Awar , (25) 
but we won’t bother writing the matrix elements explicitly. For convenience we write the wave function as 


WE) = vnl) + onI + dap ltt) + dul). (26) 


The components of |7(t)) = Ü Elbo) are 


\ Dene inA 
wry = nial scos as —i (= =) (29 + eioen) ; 


pn = aa [108A (=) (20 e90) ; 


yr = sou act cos Ag +i (=) (2c + o) , 
0 


py = sols ac cos Ag +i (55) (2N — 9| i (27) 
where we have defined 
Ag = T VEFE, Ag = TVO TAP. (28) 
The initial energy of particle 1 is 
E: (to) = 0. (29) 


Because it is outside the magnetic field, and we approximate its kinetic energy as constant during the entire experiment, 
the total energy of particle 2 is the same at initial and final times, 


E2(to) = E2(tf). (30) 


Within these approximations, then, the change in total energy after measurement will be the change in the energy of 
the stationary particle 1. 
The reduced density matrix 6; = Tr2|y) (y| for particle 1 is 


P a Wr? + lyn? derby, + aa (31) 
+ (gitn tte Wl? + lel? 7’ 


with eigenvalues 


D 


1 
= 3 (1 T y1 = Alpe wy GE du?) g (32) 


The two spins will be maximally entangled when both eigenvalues are 1/2. This will permit us to indirectly measure 
the spin of particle 1 by measuring that of particle 2. 

In the late-time t + +00 limit we have 
2g 
Re’ 


Doe (t =} oo) = ot. (34) 


O55 A = (33) 


The components of the spin wave function then simplify to 


1 iG 5/4 —iwt/2 
= 5 e ; 


y (co) = settee tt, 


Y (00) = etal git? 


2 we tel tof eiit)? (35) 


and the eigenvalues are 


1 0 
ka= 5 (1 + cos “= ) : (36) 
The final eigenvalues are independent of the initial phase ġo of the particle in the magnetic field. Maximal entanglement 
therefore occurs whenever 0,, = (2n + 1)m for any integer n. This can be ensured by careful choice of the impact 
parameter and velocity, since 0. = 2g/b?v. 

If we choose parameters such that 0s = 7, the final state can be written 


1 ; : 
Woo) = Fe [emt DIN a tye + efer/Ato4ot/2)| J), yya]. (37) 


where |+y) = (|t) + il4))/ v2. The z-eigenstates of particle 1 are thus entangled with y-eigenstates of particle 2. 

Now we can measure the spin of particle 2 along the y-axis, well after it has moved away from particle 1. The 
measurement process may transfer energy from particle 2 to the environment, but the amount of energy should be 
independent of the measurement outcome. If we measure particle 2 to be spin-up, we know that particle 1 will be 
in a spin-up eigenstate in the direction z of the magnetic field, and likewise for spin-down. Particle 1 is therefore in 
an energy eigenstate with energy (18), while particle 2 has spin energy zero (and the same kinetic energy it started 
with). The total energy of the system (and therefore the universe) will have shifted by an amount 


= 1 
AE = A(H) = +571 B+, (38) 


violating conservation of total energy in our observable universe. 

A realistic experiment along these lines seems challenging, as the dipole-dipole interaction is weak, and we have 
made various approximations along the way. For a realistic value of the coupling constant g = 0.557 GeV~? [I8}20], 
the maximal-entanglement condition on æ implies that the impact parameter and velocity should satisfy byv = 
7.38 x 10714 cm, where v is measured with respect to the speed of light. This distance scale is smaller than the size 
of a proton; to have a larger impact parameter, and therefore avoid having the spin-spin interaction be swamped by 
nuclear forces, we would have to choose v to be very small. Controlling the relevant experimental parameters to the 
necessary precision would seem challenging, to put it lightly. 

We are nevertheless encouraged that a protocol analogous to the one presented here is possible in principle, and the 
fact that the final answer scales with Bz, while the quantities we neglected in our approximations are independent of 
this quantity, suggests that the violation of energy conservation can plausibly be made large enough to dominate over 
any errors introduced by measurement procedures or approximation schemes. 


IV. DISCUSSION 


Conservation of energy is a cherished principle in physics, but it does have its limitations. Here we have explored 
such a limitation in the context of quantum measurement, a process which (at least from the perspective of a particular 
observer) is non-unitary and irreversible, not to mention incompletely understood. We have established that any hope 
that energy conservation might be preserved by including the environment and measuring apparatus will not pan out, 
and suggested an experimental protocol by which this violation might be measured. There might nevertheless be a 
sense in which energy is conserved: the total energy of the universal wave function in Everettian quantum mechanics 


is constant as long as the Hamiltonian is independent of time, even as that energy is distributed differently through 
branches of the wave function over time. (This might be taken as an argument in favor of the Everett formulation, if 
one thinks there should be a simple definition of energy that is unambiguously conserved in the universe as a whole.) 

It might be asked whether a similar analysis would apply to other conservation laws, such as conservation of electric 
charge. But in this case there is an important difference: we expect the universe to be in an exact eigenstate of charge 
(presumably with zero total charge), rather than a superposition of different eigenstates. In an Everettian picture, 
every branch of the universe would therefore have the same charge. By contrast, it is important that our universe 
not be in an eigenstate of energy, otherwise there would be no nontrivial time evolution. (Quantum gravity governed 
by the Wheeler-DeWitt equation, HW = 0, is a subtle case [2I]. For some relevant debate see [22] [23]. One approach 
is to recover an emergent time parameter 7 by writing H = Her — id/dr; our analysis would then apply to energy 
defined by the effective Hamiltonian He.) 

A useful way of thinking about what our result means for the evolution of the wave function of the universe is to 
work in the energy eigenbasis of the total Hamiltonian. The wave function as a whole is some superposition spanning 
a subset of the entire basis. In the Everett picture, as time passes, the overall state splits into branches. Each 
branch will be a superposition of some of the original energy eigenstates, but some eigenstates will have much lower 
amplitudes, and even drop out of the superposition entirely if the amplitude goes to zero. Branching therefore filters 
the original set of eigenstates in the wave function of the universe down to an ever-smaller set of eigenstates with 
nonzero support in any particular branch. 

This viewpoint illustrates how our claim of energy non-conservation is compatible with the argument for conservation 
in [B 3]. What that argument rules out is a fluctuation from one energy value to another; in particular, histories 
defined by projections onto incompatible values of the total energy will not decohere. This is compatible with our 
result, as illustrated schematically in Figure The expectation value of the Hamiltonian can still change within 
histories that do decohere, for example when one world branches into two worlds constructed from different subsets 
of the original energy eigenstates. 


tal HZ 


disallowed allowed 


FIG. 2. A measurement of total energy at one moment in time cannot disagree with a measurement at a later time [2] [3]. This 
is compatible with the kind of evolution considered in this paper, in which branching takes a superposition of some energy 
eigenstates to multiple different superpositions, with different expectation values of the energy in each. The figure shows 
this schematically: first a disallowed evolution from one superposition of energies to a distinct superposition, then an allowed 
branching from one superposition to others formed from different subsets of the original eigenstates. 


Our scenario does not give any hope for a perpetual motion machine. Violations of energy conservation are subject 
to quantum randomness, so that the total energy of the universe would be expected to increase or decrease with 
roughly equal probability, in an unpredictable way} The size of such fluctuations will tend to decrease over time, as 
decoherence leads to approximately-classical looking states constructed from eigenstates of nearly-equal energies. 


3 Decoherence and the linearity of the Schrödinger equation ensure that communication between different branches of the wave function 
is not possible. If it were, we might imagine systematically transferring energy from one branch to another — an “Everett pipeline,” 
analogous to Polchinski’s “Everett phone” [24]. This might be an argument in favor of the linearity of quantum mechanics, if one wanted 
to avoid perpetual motion machines. We thank Grant Remmen for this observation. 
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This helps explain why energy seems to be conserved to a high degree of accuracy in experiments. The universe 
evolves into a set of branches, each of which is a superposition of eigenstates with total energies that are extremely 
close to each other, and thus to the classical notion of a conserved “energy of the universe.” According to our 
suggested experimental protocol, large violations of energy conservation would only happen when we observe initially 
unentangled quantum systems that are superpositions of very different energies. In practice this is hard to achieve, 
since macroscopic systems tend to decohere very quickly. 

The idea that decoherence produces branches of the wave function with approximately well-defined energies also 
suggests a dynamical selection process for Everettian worlds. Even if we start with a wave function that involves a 
superposition of states with different energies, branches where the energies are very different will rapidly decohere 
from each other. Remaining branches will be constructed from eigenstates of the Hamiltonian with approximately 
similar energy eigenvalues. This implies that our Hamiltonian — the laws of physics of our observed world — might 
represent a subset of the total Hamiltonian of the universe. It will be interesting to examine the ramifications of this 
idea for the project of seeing how spacetime and quantum fields can emerge from the spectrum of the Hamiltonian 


251129). 
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